We propose a variational approach for computing macroscopic entanglement in a many-body mixed state, based on entanglement witness operators, and compute the entanglement of formation (EoF), a mixed-state generalization of entanglement entropy, in single-and two-channel Kondo systems at finite temperature. The thermal suppression of the EoF obeys power-law scaling at low temperature. The scaling exponent is halved from the single-to the two-channel system, which is attributed, using a bosonization method, to the non-Fermi liquid behavior by a Majorana fermion, a "half" of a complex fermion, emerging in the two-channel system. Moreover, the EoF characterizes the size and power-law tail of Kondo screening cloud of the single-channel system. Systems of many interacting particles often exhibit unusual macroscopic phenomena at zero temperature. A state-of-the-art concept of understanding their quantum nature is macroscopic entanglement [1, 2] , quantum correlation of many particles that cannot be imitated by classical correlations [3] . A popular measure for this purpose is entanglement entropy, which captures entanglement between two macroscopic subsystems. Computation of this measure has revealed new aspects of manybody ground states, including area law [4], topological order [5, 6] , and quantum criticality [7, 8] .
We propose a variational approach for computing macroscopic entanglement in a many-body mixed state, based on entanglement witness operators, and compute the entanglement of formation (EoF), a mixed-state generalization of entanglement entropy, in single-and two-channel Kondo systems at finite temperature. The thermal suppression of the EoF obeys power-law scaling at low temperature. The scaling exponent is halved from the single-to the two-channel system, which is attributed, using a bosonization method, to the non-Fermi liquid behavior by a Majorana fermion, a "half" of a complex fermion, emerging in the two-channel system. Moreover, the EoF characterizes the size and power-law tail of Kondo screening cloud of the single-channel system. Systems of many interacting particles often exhibit unusual macroscopic phenomena at zero temperature. A state-of-the-art concept of understanding their quantum nature is macroscopic entanglement [1, 2] , quantum correlation of many particles that cannot be imitated by classical correlations [3] . A popular measure for this purpose is entanglement entropy, which captures entanglement between two macroscopic subsystems. Computation of this measure has revealed new aspects of manybody ground states, including area law [4] , topological order [5, 6] , and quantum criticality [7, 8] .
Generalizing this zero-temperature study is desirable, to explore how the macroscopic entanglement thermally decays or spatially extends. This requires to study a mixed state, in which quantum and classical correlations coexist. At finite temperature, a system is in a probabilistic mixture of energy eigenstates. Its entanglement will reveal quantumness in quantum-to-classical crossover, collective excitations, decoherence, etc. Moreover, entanglement entropy measures the entanglement only between two complementary subsystems in a pure state [1] , hence, provides limited information about the spatial extension of macroscopic entanglement. To get more direct information, it is useful to consider, e.g., two distant non-complementary subsystems with changing the distance. The two non-complementary subsystems are described again by a mixed state, after the remainder is traced out of a ground or thermal mixed state.
The computation of macroscopic entanglement in many-body mixed states, however, requires huge costs. For mixed states, entanglement entropy overestimates entanglement, since it cannot distinguish between coexisting quantum and classical correlations. Thus it is generalized [9] into the entanglement of formation (EoF) E F . EoF quantifies the entanglement between two complementary subsystems A and B of a mixed state ρ as E F (ρ) = inf ρ= i pi|ψi ψi| i p i E E (|ψ i ) .
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It is obtained by exploring the possible decompositions of ρ into normalized pure states |ψ i with weight p i , and finding the optimal decomposition for which i p i E E (|ψ i ) is the lowest. Here, E E (|ψ i ) ≡ −Tr(ρ A log 2 ρ A ) is the entanglement entropy of |ψ i between A and B, and ρ A = Tr B |ψ i ψ i |; the state ρ A of A is obtained from |ψ i by tracing out B. For pure states |ψ , EoF reduces to entanglement entropy, E F (|ψ ) = E E (|ψ ). The computation cost of exploring the decompositions is huge even for a small system of a three-qubit full-rank state, equivalent to minimizing a function of 63 ∼ 959 variables [10] [11] [12] , and it exponentially increases with system size [13, 14] . Most entanglement measures require similar heavy costs [13, 15] ; an exception is negativity [16] [17] [18] [19] [20] , which however cannot detect some type of entanglement [3, 13] .
On the other hand, in the representative many-body problems of Kondo effects [21] , the ground states have the entanglement between the Kondo impurity spin and the surrounding conduction electrons, the latter forming Kondo cloud [22] [23] [24] . Naturally, macroscopic entanglement would be a direct tool for characterizing the macroscopic properties of Kondo cloud, the essence of Kondo effects, that cannot be captured by the correlations of a few particles [25, 26] . However, the understanding of the macroscopic entanglement is unsatisfactory due to the computation difficulty mentioned above. For example, it has not been addressed how the entanglement, namely, the macroscopic quantum nature of Kondo cloud, thermally decays. Moreover, the spatial distribution of the cloud, such as the cloud tail, has not been characterized by the entanglement, despite efforts [18, 19, 27, 28] .
In this Letter, we propose a variational approach for computing macroscopic entanglement in mixed states, based on entanglement witness operators (EWs) [11] [12] [13] [29] [30] [31] , and develop it for single-(1CK) and twochannel Kondo (2CK) systems, using numerical renormalization group (NRG) methods [32, 33] . We compute the EoF E F between the Kondo impurity and the electrons located within distance L from the impurity at temperature T ; see Fig. 1 . In addition to the expected crossover around the Kondo temperature T 1CK(2CK) of 1CK (2CK), the macroscopic entanglement measured by In 1CK (2CK), a spin-1/2 impurity is antiferromagnetically coupled with the spin(s) of a single channel (two channels) of the conduction electron bath at the impurity site [21, 35] . We choose the bath as a one-dimensional semi-infinite system, without loss of generality. (c) In 1CK, the Kondo cloud, a macroscopic electronic object of size ξ1CK, forms to screen the impurity spin at zero temperature. The cloud spin (↑, ↓) is entangled with the impurity spin (⇑, ⇓), forming Kondo singlet, as the Bell-state type of |⇑↓ +|⇓↑ . The entanglement of formation EF between the impurity (located at position x = 0) and the bath electrons inside distance L (x ≤ L) quantifies how the macroscopic entanglement of the Kondo cloud spatially extends. EF is reduced from the value of L → ∞, if the entanglement between electrons outside L (which are traced out) and the rest exists.
E F exhibits, at low temperature, the universal power-law thermal decay of E F 1 − a 1 (T /T 1CK ) 2 for 1CK and E F 1 − a 2 T /T 2CK for 2CK; a 1,2 are constants, and T 1CK(2CK) denotes the 1CK (2CK) Kondo temperature. The halving of the power-law exponent from 1CK to 2CK is attributed, using bosonization methods [34] , to a Majorana fermion, a "half" of a complex fermion, emerging in 2CK. Moreover, for 1CK, the dependence of E F on L characterizes the spatial profile of the Kondo cloud. The cloud size is ξ 1CK = v F /k B T 1CK and robust against thermal effects at T T 1CK , while it decreases with increasing T at T T 1CK ; v F is Fermi velocity. At T = 0, the cloud tail obeys another power law, E F 1−b 1 (ξ 1CK /L); b 1 is a constant. Our findings of the different exponents of 1CK imply that the T and L dependences of E F have separate informations, entanglement in thermal states and the spatial extension of entanglement, respectively.
Variational approach.-EWs are the physical operators introduced to detect whether a state is entangled [3, 13] . They have been applied to the quantification of entanglement of a few particles [11, 12, [29] [30] [31] . Here we suggest to use EWs to efficiently compute macroscopic entanglement.
We introduce how to compute the EoF E F (ρ) of a target state ρ by EW. One finds the set M ρ of EWs X, whose expectation value provides a lower bound of E F (ρ) as TrXρ ≤ E F (ρ). Here, M ρ ≡ {X | ψ|X|ψ ≤ E F (|ψ ), ∀|ψ ∈ H ρ } and a Hilbert space H ρ includes the range of ρ. Among X's, the optimal EW [29, 30] of the largest expectation value provides E F (ρ),
It is equivalent to Eq. (1), and the cost of exploring all operators in M ρ is huge. Because of the difficulty in Eqs. (1) and (2), macroscopic entanglement in a thermal many-body state has not been quantified. In our approach, instead of fully exploring M ρ , we construct an appropriate variational form of EW, which covers only a small subset of M ρ but includes or is close to the optimal EW. Within the form, we find the operator X is an EW. We obtain an upper bound, based on the duality [11, 12] that the optimal decomposition of ρ in Eq. (1) is constructed by the pure states belonging to a pure-state set P X ≡ {|ψ | ψ|X|ψ = E F (|ψ )}, if and only if TrXρ = E F (ρ) in Eq. (2). We find P X opt ρ and a decomposition of ρ = i p i |ψ i ψ i |, each |ψ i being sufficiently similar to an element of P X opt ρ [35] . Then,
is an upper bound. The upper and lower bounds are close together (hence to the exact value) when X opt ρ is "good". A good variational form can be constructed for a system at low temperature, considering the entanglement of its ground states and low-energy excitations, as shown below.
EW in Kondo systems.-We further develop this approach for Kondo systems, to compute the EoF E F between the Kondo impurity and the electrons within distance L from the impurity at temperature T ; see Fig. 1 . We obtain ρ, building thermal states by NRG [32, 33] and tracing out the subsystem outside L. We develop a way for the latter within NRG [35] . The resulting ρ has rank ∼ 10 4 too high to exactly obtain E F (ρ). To find an efficient variational form of X, we observe the following: The ground state of 1CK and the twofold degenerate ground states of 2CK are two-qubit Bell states of maximal entanglement (E F = 1) between impurity spin states (|η = ⇑, ⇓ ) and bath states. The energy eigenstates |E i with energy E i k B T 1CK,2CK have a similar form to two-qubit Bell states (E F 1),
e iη |e iη = δ ηη , and e iη |e i =i,η 0. Based on the observation, we propose how to construct X variationally. (i) We decompose the whole Hilbert space into the two-qubit subspaces H i = {|⇑ , |⇓ } ⊗ {|φ i⇑ , |φ i⇓ }, where {|φ iη } is an orthonormal basis of bath states. |φ iη 's are parametrized to be optimized, considering the structure of ρ, to make the lower and upper bounds of E F (ρ) closer [35] . At T T 1CK,2CK and L → ∞, {|φ iη } can be chosen by orthonormalizing {|e iη }. (ii) For each subspace H i , we straightforwardly obtain the optimal EW X i for E F (ρ i ) = TrX i ρ i , where ρ i = I i ρI i and I i is the identity operator of H i . For example, when ρ i ∝ |Ψ i Ψ i | and |Ψ i is the normalized Bell state, we choose (3) and (4). The NRG parameters used for this plot and the expression of T1CK,2CK are given in Ref. [35] .
see Appendix. (iii) The sum X = i X i of the two-qubit EWs is our variational form [35] . X i cannot detect offdiagonal blocks I i ρI i =i , which are however made asymptotically small at T T 1CK and L ξ 1CK by appropriately choosing {|φ iη }.
Result.-We discuss the result of the temperature dependence of E F at L → ∞ in Fig. 2 . In both 1CK and 2CK, E F shows maximal entanglement at T = 0, slowly decays with T T 1CK,2CK , and rapidly vanishes toward 0 at T T 1CK,2CK , exhibiting the crossover around T 1CK,2CK . Particularly, at T T 1CK,2CK , the upper and lower bounds show the same universal power-law decay in each system,
2CK has more fragile macroscopic entanglement at scaled low temperature. In Eq. (3), the scaling exponent is halved from 1CK to 2CK, reflecting different low-energy excitations between them. At T T 1CK,2CK , the thermal state ρ = i w i |E i E i | is governed by the |E i 's of E i k B T , because of the competition between Boltzmann weight w i and degeneracy. There are two factors suppressing E F (ρ): (i) Each pure state |E i is less entangled;
, where S z is the impurity spin-z operator and
Using bosonization [34] , we find that these two factors give the same exponent [35] . Here we explain the former factor. A pseudofermion operator c ( †) describes the impurity spin as S z = c † c − 1/2. In 1CK, both c † and c couple to the bath. Since the coupling is energy dependent, each of c † and c gives a scaling factor ∼ T /T 1CK , leading
Here, only a Majorana fermion γ − , a "half" of c ( †) , couples to the bath, providing the factor ∼ T /T 2CK ; the other Majorana γ + is decoupled and T independent. This causes the exponent halving in 2CK. It is non-Fermi liquid behavior.
The dependence of E F on L is obtained for 1CK in Fig. 2 
indicates the entanglement between x > L and the rest, which is lost in E F (L); a proposal for Kondo cloud detection has similar motivation [24] . At T = 0, E F = 1 at L → ∞ and decreases only slightly at L > ξ 1CK , implying that Kondo cloud lies mostly (more than 90 %) inside ξ 1CK . We find that the cloud has a long tail of the power law at L ξ 1CK ,
We obtain the same power law [35] from Yosida's ground state [36] . At finite T , the L dependence of E F characterizes the thermal reduction of Kondo cloud. We find that the cloud size, within which the majority of the cloud lies, is ξ 1CK (almost insensitive to T ) at T T 1CK , and decreases with T at T T 1CK [35] . Moreover, the two 1CK power-law decays in Eqs. (3) and (4) have different exponent, not connected by L ↔ v F /k B T from the uncertainty principle, and they are additive at L ξ 1CK and
. These unusual results imply that entanglement suppression by thermal effects has different mechanism from that by the partial trace over x > L. The former reflects thermal entanglement suppression, while the latter measures the spatial extension of entanglement in thermal states.
Finally, in contrast to EoF, correlations between the impurity spin and a conduction electron spin at L do not detect macroscopic entanglement, because of the entanglement monogamy [3] that tracing out all bath electrons except the one at L leaves only negligible entanglement. They measures the cloud tail differently from E F ; for example, the spin-spin correlation [25] decays as 1/L 2 at L ξ 1CK , and the concurrence does not detect Kondo cloud [37] . Impurity entanglement entropy [27, 28] detects macroscopic correlations, but it is not an entanglement measure; it decays as ξ 1CK /L at L ξ 1CK as in Eq. (4), but as T /T 1CK at T T 1CK , contrary to Eq. (3). Note that the cloud size at zero temperature was discussed in spin-chain Kondo models, using negativity [18, 19] .
Conclusion and perspective.-We have proposed a viable approach for computing macroscopic entanglement in thermal mixed states. The macroscopic entanglement measured by EoF unveils the thermal decay and spatial profile of Kondo cloud, the essence of Kondo effects, and characterizes the non-Fermi liquid behavior of 2CK by Majorana fermions. Our study implies that EoF is a good tool for quantifying macroscopic quantumness in many-body mixed states; the original operational meaning [3] of EoF is a nonregularized entanglement cost in quantum information.
Our results indicate that the macroscopic entanglement characterizes the new aspects of many-body systems at finite temperature, which cannot be accessed by conventional means and by entanglement entropy. For example, it can identify the spatial extension of quantum correlations, the competition between the coexisting quantum and classical correlations induced by thermal effects or environments, and the fate of the zero-temperature correlations (e.g., topological order and quantum criticality) at finite temperature.
Our approach is optimized for computing entanglement between a few impurities and a macroscopic subsystem, and directly applicable to various quantum impurity problems. It is desirable to further develop our approach to study entanglement between macroscopic subsystems, using appropriate EWs. Moreover, our approach is in principle applicable to all types of convexroof entanglement [13, 15] , including multipartite entanglement [11, 12] , and useful for experimental entanglement detection [13, 31] .
We Appendix.-For any (normalized or unnormalized) state ρ i in H i , there exists the optimal witness operator X i , which is dependent on ρ i and provides E F (ρ i ) = TrX i ρ i . We derive X i [35] 
where
, and is easily obtained [31] 
, |Ψ i is the ground state in the case T = 0 and L → ∞, we obtain X i
using C(|Ψ i ) = 1 and putting df /dx| x=1 = 1/ log 2 and O = I i into Eq. (5). The sum X = i X i of the two-qubit witness operators is a witness operator for ρ, and provides a lower bound of E F (ρ) as Tr( i X i ρ) [35] . A upper bound of E F (ρ) is obtained as j p j E F (|ψ j ), by finding |ψ j which is similar to a state in P X= i Xi and satisfies j p j |ψ j ψ j | = ρ, as mentioned before. To get better bounds, we optimize the choice of {|φ iη } and {p j , |ψ j }, based on the structure of ρ [35] . We emphasize that the decomposition into the two-qubit subspaces allows us to avoid the impractical cost of computing EoF by Eq. (1); in virtue of the NRG scheme, the number of the twoqubit subspaces of only about 10 4 is enough to cover a wide range of T and L.
SUPPLEMENTARY MATERIAL FOR "MACROSCOPIC QUANTUM ENTANGLEMENT OF KONDO CLOUD AT FINITE TEMPERATURE"
Here we provide the details of our approaches and some supplementary results. In Sec. A, we briefly introduce the Kondo models. In Sec. B, we describe how to numerically construct the thermal mixed states of the Kondo models by NRG, and give the NRG parameters. In Sec. C, we describe in details the way of tracing out the subsystem in x > L, within the NRG formalism. In Sec. D, we derive the "two-qubit" EW X i given in Eq. (5) in the main text. In Sec. E, we prove that the sum X = i X i is a valid EW, and discuss how to choose the bath basis {|φ iη } iη . In Sec. F, we give the way to obtain the upper bound of E F (ρ). In Sec. G, we analyze the scaling behavior of the thermal suppression of E F in Eq. (3) in the main text, using the finite-size bosonization method. In Sec. H, we reproduce the long-tail scaling of E F (L) in Eq. (4) in the main text, using the Yosida's variational ground state. In Sec. I, we give the computation result of EoF for 1CK when both T and L are finite, to discuss the size of the Kondo cloud at finite T . We also address that, at T T 1CK and L ξ 1CK , two power-law decays are additive.
A. Kondo Hamiltonian
In 1CK (2CK), a spin-1/2 impurity is antiferromagnetically coupled with the spin(s) of a single channel (two channels) of the conduction electron bath at the impurity site [21] . Without loss of generality, we consider a semiinfinite one-dimensional bath ranging from x = 0 (the impurity site) to x → ∞. Its Hamiltonian is
where J is the coupling strength, S is the impurity spin operator, s α = kk σσ c † αkσ σ σσ c αk σ /2 is the electron spin operator in channel α ∈ [1, M ] at the impurity site (x = 0), M = 1 (2) for 1CK (2CK), σ is Pauli matrix, c † αkσ creates an electron with spin σ, momentum k, and energy
in α, constant density of states ν = 1/2D, k F is Fermi momentum, and D is the bandwidth. In this work, we consider the following case: The two channels of 2CK have the same coupling strength, and there is no external magnetic field. We use 1CK Kondo temperature k B T 1CK = D √ νJe −1/νJ , and determine T 2CK from energy-eigenvalue convergence in NRG.
B. Density matrix by NRG
In NRG [33] , each channel is logarithmically discretized and mapped onto a semi-infinite tight-binding chain of length N , whose Hamiltonian is H N = J S · ασσ f † α0σ
ασ t n f † αnσ f αn+1σ + H.c. , where f † αnσ creates an electron in the single-particle state |αnσ of spin σ in channel α at site n, t n ∼ DΛ −n/2 , and Λ is the discretization parameter. |αnσ has energy ∼ DΛ −n/2 and extends over length ∼ k
H N is iteratively diagonalized, based on the energy-scale hierarchy. At each (n-th) iteration step, only the lowest-lying energy eigenstates {|E The equilibrium state at temperature T is constructed [32] as
where k B is Boltzmann constant and Z is the partition function. Each block ρ n covers energy ∼ DΛ −n/2 and length ∼ k 
C. Partial trace over x > L
We develop a way of obtaining, from NRG state ρ(T ), the reduced density matrix ρ(T, L) of the impurity and electrons in x ≤ L, by tracing out states in x > L. We use the projector to x ≤ L,
|x is the state spatially localized at x and a is lattice constant. One has αnσ|P L |α n σ = δ αα δ σσ [P L ] nn . The matrix [P L ] nn is real symmetric and almost diagonal (see Fig. S3 ). Its diagonal part [P L ] nn is finite for n n L ≡ 2 log Λ k F L, and vanishes for n n L , reflecting the length scales of NRG sites. Off-diagonal parts [P L ] nn are much smaller than diagonal ones, and decrease with increasing Λ, since spatial separation between |αnσ 's increases. Based on this observation, we neglect the off-diagonal elements. The insensitivity of our computation of E F (ρ) to Λ implies that this is a good approximation. Neglecting the off-diagonal parts of [P L ] nn , we decompose |αnσ into the states of
Then the many-body occupation basis state |s αn of site n and channel α is expressed as
where |s is maximal near n = min{n T , n L }. As ρ n 's are defined not spatially but energetically, ρ in n can be contributed from many ρ n 's. In this form, we generalize the concept of the kept and discarded states used for ρ(T ) into ρ(T, L). In each step of constructing ρ in n , |r ni 's are the "discarded" states with small r ni , while there are the "kept" states used for constructing ρ in n >n . This form is useful for reducing the total number of basis states (|r ni 's), hence, computation cost. It is similar to the truncation of density matrix renormalization group methods, and allows us to handle ρ(T, L) with similar cost of computing ρ(T ).
D. Derivation of Eq. (5)
We derive the optimal witness operator X ρi for the EoF E F (ρ i ) of an arbitrary (unnormalized) two-qubit state ρ i , based on the fact [38] that for any normalized two-qubit state
this type of relations holds for all convex-roof entanglement measures and beyond two qubits [11] and it is consistent with Eq. (2). This is useful, as the "two-qubit" state ρ i = I i ρI i in the main text is usually unnormalized.
The derivation of X i starts with the optimal witness operator X C i for C(ρ i ). In the case of C(ρ i ) = 0, it is obtained [11, 31] as
where O η and O φ are local operators with determinant 1, acting on {|⇑ , |⇓ } and {|φ i⇑ , |φ i⇓ }, respectively. Here |Ψ i = (|⇑ |φ i⇑ + |⇓ |φ i⇓ )/ √ 2 is maximally entangled (E F = 1) Bell state. In Eq. (S10), X 
, where U 1,2 are 2 × 2 local unitary operators and F is a local filtering operator [31] ; in the matrix representation, F is written as
is monotonically increasing and convex, one has
, and 1 → I i , we choose
This operator X i is a witness operator for E F , since for any state ρ ∈ H i , TrX i ρ ≤ E F (ρ ); one can check TrX
, using the convexity of f (x) and Eq. (2) . Moreover, it is easy to show that X i satisfies Tr(X i ρ i ) = E F (ρ i ), using Tr(X C i ρ i ) = C(ρ i ). Therefore X i is the optimal witness operator for E F (ρ i ). This proves Eq. (5).
E. Witness operator X = i Xi
In the main text, we divide the whole Hilbert space H into "two-qubit" subspaces H i ≡ span{|η ⊗ |φ iη } ηη and obtain the optimal witness operator X i for E F (ρ i ), directly from X i ; ρ i = I i ρI i is the projection of ρ to H i and TrX i ρ i = E F (ρ i ). We here (i) prove that X = i X i is a witness operator for E F (ρ), namely that TrXρ is a lower bound of E F (ρ), and also (ii) discuss a strategy how to optimize X i 's.
The task (i) is equivalent, according to Eq. (2), to proving that Tr(X|ψ ψ|) ≤ E F (|ψ ) for any normalized pure state |ψ in H. To prove it, we decompose |ψ = i |ψ i , where |ψ i is the projection of |ψ onto H i . Applying Schmidt decomposition to |ψ i , |ψ i = c ⇑i |⇑ |φ i⇑ + c ⇓i |⇓ |φ i⇓ and φ iη |φ i η = δ ii δ ηη , one has
, and also from E F (|ψ i ) = ψ i |ψ i E F (|ψ i / ψ i |ψ i ), and the second from the fact that X i is a witness operator for the EoF of two-qubit states (which was proved above). This proves that X is a witness operator for E F (ρ).
Next, we discuss a strategy how to find X = i X i that provides a better lower bound of E F (ρ). One needs to first decompose H into H i 's. Among many possible ways for it, we choose a NRG-based way. In this way, we decompose ρ into "units", and choose the basis state set span{|η ⊗ |φ iη } iηη of each unit. Each unit has one or a few successive NRG diagonal blocks of ρ, and different units have no overlap; the number of blocks in a unit is chosen to have a better lower bound of E F (ρ). Then {|⇑ , |⇓ } ⊗ {|φ i⇑ , |φ i⇓ } constitutes H i . This way is naturally expected to lead to a good lower bound, as the NRG blocks capture the main physics. After choosing H i 's, we find the optimal witness X i (equivalently X C i ) for E F (ρ i ) = TrX i ρ i , following Eqs. (S10) and (S11). We skip other technical details of finding X, such as how to choose the basis states {|φ iη } iη .
F. Upper bound of EF(ρ)
In the above, we find X = i X i that provides the best lower bound of E F (ρ) within the form utilizing Eq. (S11). We call this operator as X . We suggest below a systematic way of finding the decomposition ρ = l p l |ψ l ψ l |.
To find the decomposition, we diagonalize ρ = dp
, and obtain its singular value decomposition of W = V L ΣV † R , where y 1 and y 2 are the variables to be optimized. Here, p l 's are chosen to satisfy ρ l p l |ψ l ψ l |. Then, we choose U as U = V L V † R , and use it to obtain {|ψ l } via p l |ψ l = d U ld √p d |ψ d . Finally, we optimize y 1 and y 2 to minimize l p l E F (|ψ l ). The minimum value of l p l E F (|ψ l ) is a good upper bound of E F (ρ).
In the above way of finding a upper bound, it takes heavy numerical cost to handle ρ as a whole, since ρ has a large size. To avoid the heavy cost, we decompose ρ = n ρ n into the NRG blocks ρ n 's (or the units of a few successive blocks), construct a witness operator X n for E F (ρ n ), and find a good upper bound E n of E F (ρ n ), using P Xn as mentioned above. The sum n E n of the upper bound of E F (ρ n ) over n's provides a good upper bound of E F (ρ). Note that n X n is not necessarily a witness operator of ρ; it is because X n is not necessarily constructed by basis states orthogonal between different NRG blocks (or units), contrary to X = i X i .
G. T dependence of EF from bosonization
We here confirm the universal power-law thermal decay of E F , using finite-size bosonization and refermionization methods [34] , and attribute the power-law exponents different between 1CK and 2CK to Majorana fermions emerging in 2CK.
For 1CK and 2CK, the thermal state has the form of ρ = i w i |E i E i |; w i is Boltzmann weight. |E i = b i⇑ |⇑ |e i⇑ + b i⇓ |⇓ |e i⇓ is an energy eigenstate with energy E i and an eigenstate of the total (impurity and bath) spin-z operator simultaneously. Bath states |e iη satisfy e i⇑ |e i⇓ = 0 because |e i⇑ and |e i⇓ have different spin-z quantum numbers, while e iη |e i =iη = 0 in general. We focus on |E i 's with E i ∼ k B T , as they govern the properties of ρ; this is due to the competition between degeneracy and Boltzmann weight. Using the bosonization, we will later show that for
The S z and S − impurity spin operator, S z ≡ (|⇑ ⇑|−|⇓ ⇓|)/2 and S − ≡ |⇓ ⇑|, have entanglement information. S z,ii connects with E F (|E i ). |E i is maximally entangled when S z,ii = (|b i⇑ | 2 − |b i⇓ | 2 )/2 = 0, while it is separable when S z,ii = ±1/2. We find that for
On the other hand, S z,ii =i and S −,ii =i have the information of state overlap e iη |e i η . From Eq. (S12) and E i |E i = δ ii , we find
The overlap results in entanglement reduction in a pure-state mixture,
is a upper bound of E F (ρ). The upper bound E F,0 and Eq. (S12) agree with the power law in Eq. (3).
We also confirm Eq. (3) using a lower bound of E F (ρ). We consider a witness operator X , X = 
This has the same form as Eq. (6). Here, |φ iη 's are the orthonormal states obtained by applying the Gram-Schmidt orthonormalization process to the states {|e iη }. Because e iη |e i η − δ ii δ ηη is very small at T T 1CK,2CK as in Eq. (S13), |φ iη little deviates from |e iη as b iη |e iη = (|φ iη + |δ iη )/ √ 2. The expectation value TrX ρ is a lower bound of E F (ρ). After some computation, we find
Applying |δ iη ∝ T /T 1CK for 1CK and |δ iη ∝ T /T 2CK for 2CK in Eq. (S13), we find that TrX ρ satisfies Eq. (3). This analytic derivation of the same universal power-law behavior of the upper and lower bounds E F,0 and TrX ρ strongly supports our numerical result of Eq. (3). For a complete proof, we now derive Eq. (S12) and discuss the difference between 1CK and 2CK. We first consider 2CK. In 2CK, the electron bath has the four degrees of freedom, total charge, total spin, charge difference between the channels, and spin difference between the channels. According to the bosonization and refermionization along Emery-Kivelson line [34] , the degree of freedom from the spin difference (decoupled from the others) is described by the resonant-level model, H |b i⇓ | 2 ) 2 /(2 log 2). For larger E i , |S z,ii | 2 ∝ (|b i⇑ | 2 − |b i⇓ | 2 ) 2 increases, as |E i more deviates from the exact Bell state. Our numerical results imply that the dependence of E F on T reflects this behavior, hence, the entanglement of excited states |E i . On the other hand, the L dependence of E F is related to the loss of the wave functions of |e i⇑ and |e i⇓ by the partial trace over x > L. At T T 1CK and L ξ 1CK , the two mechanisms (|S z,ii | 2 and the partial wave-function loss) seem to work independently, resulting in the additive scaling law in Eq. (S17) as
The size of Kondo cloud, measured by E F , may directly reflect the spatial extension of the wave functions x|e i⇑ and x|e i⇓ participating in excited-state entanglement.
